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cos<£= — (a — xaosO), 

y 

cosv''= — (z— acosfl), 

y 2 -— a'+z 2 — 2<rajos0. 
Volume of spherical section BA(L¥— £-a 3 (l — cos0)=£ir[a* — l/i/(o 4 — a 3 cos0)]; 
volnme of spherical sector BEGN~^-x 3 {\— cos^)=|-[a; 3 — l/y(a; 4 — aa^costf)] ; 
volume of solid BJ»fC3i r =^-a 2 2/sin 2 ^— \Tt{a*x- /y)&m i 0; 
volume of solid i5AC.B=S=^[2a»+2x : >— 2/y (a 4 +z 4 )+2/y (a s a;+aa; 3 )eostf- 

(a s !j;-/y)sin 8 fl]. 

Hence we have for the required average volume, 

2a „•* 




I SA-y'dxdy + ( P SA-y*dxdy 

/a /"a /"2a /»a 

I 4-y s <te<fy + I J \xy*dxdy 
^ a—x •' a " x-a 

~~£f{fl f" a £ [ 2 y 8 ( a3 + a;8 )- 2 K« 4 +^ 4 )+2»/(a 3 a;+aa; 3 )cos«? 

— a 2 x°-y sin* 6 \dxdy 
+ f^f a \_2y*(a 3 +x*)-2y(a*+x*)+2y(aSx+ax*)<ios$ 

—a-x'ysiW'd \dxdy J- 
== 3^"{j [* ae_ 2a5x+2a4 * 2 +£ aC ** -2a * S+ H* 6 ~| rfx 

/»<« /*2a ~| 

+ J K«*+* s )(« ; -a)'*8 +J |(a 3 +a; 3 )(a-a;) 3 dx| 
r=*-gra 3 =^ of the volume of the given sphere. 

Also solved by 0. B. M. ZESR. 

182. Proposed by Q, B. M. ZERR, A. M., Ph. D.. Professor of Chemistry and Physics. The Temple College 
Philadelphia, Pa. r ■ . 

n points are taken at random on the circumference of.a given circle. Prove that the 
chance of the center of the circle lying within the polygon formed by joining these points 
is 1— (l/2»-«). 
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Solution by the PEOPOSEE. 

Using a figure similar to the one used in problem 116, let AOD—0 1 , BOB 
=t> 2 , COD—O^, etc. Letp be the required chance,^,, the chance that it does 
not contain the center of the circle. 



2f f f ..... ( n - 2 de.do.dO a .„de n _ 1 
J o J o >' o J o • * - (n-1)! 2(47rV— i 1 



J-»jr /**, /*«- fn 

1 I ..... I »-* d0 i d$ t d0 3 .....ao n _ 1 

p=a- p 1 --=i-(i/2»-«). 

Also solved with the same result by J. SCBEFFER. 



(n-1)! 2»- 2 



MISCELLANEOUS. 

133. Proposed by HAEET S. VANDIVEE, Bala. Pa. 

If a group G of ordeij mn has a subgroup H of order n, and if n has no prime factor 
which is less than m, show that H mu3t be a self-conjugate subgroup. ( Frobenius.) 

Solution by 0. B. H. ZEES, A. M., Ph. »., Proiessor oi Chemistry and Physios, The Temple College, Philadel- 
phia, Pa. 

Let the substitution of the given subgroup (2?) be 1, t 2 , t z , ...J p . 

If H is not self -conjugate, multiply it into any substition (S) which is not 
commutative to it. If the transform (iT, ) of (H) with respect to any one of 
these products contains a substitution ($-Hs) of order m" ((S>0) which is not 
found in H and if t does not transform JF, into itself we can form the following 
rectangle with m conjugate rows of p elements : 

oj «St 2 • SZ q f —..Svp 

ts, tst it tst g , .....tst p 

St*, t^t*, t a st*, .....fat* 



St™- 1 , < 2 S<»»-1, t^P"' 1 , ...JpStm-K 

All the substitutions of a given row transform H into the same group, 
while any two substitutions from different rows transform E into two different 
groups. As no substitutions in the given rectangle can be equal to each other, 
the entire group would have to contain at least p(m+l) substitutions. This is 
contrary to the hypothesis. Therefore H is a self-conjugate sub-group. 

134. Proposed by F. P. MATZ, So. D., Ph. D., Professor oJ Mathematics and Astronomy in Defiance College, 
Defiance, Ohio. 

Give a complete solution of the Jacobian equation « 2 sn*w+2K 2 sn 2 tt-|-l=0. 



